Introduction
In order to reduce numerical diffusion associated with firstorder upwind differencing schemes ͑UDS͒, higher order upwind differencing schemes are often employed in computational fluid dynamics ͑CFD͒ calculations. The two most popular higher order UDS are the second-order UDS ͓1͔ and the quadratic upwind interpolation for convective kinematics ͑QUICK͒ scheme ͓2͔.
It is well known that the use of either of the aforementioned two schemes results in a system of equations that may not converge when using an iterative solution method ͓3͔. Even for the one-dimensional advection-diffusion equation, since the stencil extends beyond three nodes, a single tridiagonal matrix inversion is not sufficient, and iterations are necessary to solve the resulting system of algebraic equations. Thus, one-dimensional calculations are sufficient for extracting meaningful information pertaining to the stability of these schemes in the context of iterative solution.
In this Technical Brief, the convergence characteristics of tridiagonal iterative solution of the equations resulting from use of the second-order UDS and the QUICK scheme are investigated using discrete Fourier analysis. It is found that the chosen iterative method diverges at intermediate Peclet numbers for both schemes. Since these findings are not intuitive, prior to drawing firm conclusions, numerical experiments were performed to verify these findings. The numerical experiments show that the stability and convergence characteristics of both schemes agree perfectly with the results predicted by the discrete Fourier analysis. It is also shown that introduction of a small amount of diagonal dominance through the use of so-called inertial damping factors makes both schemes unconditionally stable. Once again, the convergence characteristics of the modified equations are examined by both methods, and the results are in perfect agreement with each other, lending credibility to the final results and conclusions.
Analysis and Results
The equation governing the conservation of physical quantities encountered in fluid flow, heat transfer, and mass transfer is the generalized advection-diffusion transport equation, written as ͓4͔
where is the density, is the conserved scalar ͑or vector component͒ in question, U is mass-averaged bulk fluid velocity vector, ⌫ is the diffusion coefficient of , and Ṡ is the production rate of . At steady state, and under the assumption of onedimensional transport and no sources, Eq. ͑1͒ reduces to
where u is the component of the fluid velocity in the x direction. Under the assumption of constant flow speed, constant density, and constant diffusion coefficient, Eq. ͑2͒ may be written in nondimensional form as d dx
where the Peclet number based on the total length is defined as Pe L = uL / ⌫ , L being the total length of the domain. The nondimensional length is denoted by x * = x / L. The finite-volume method guarantees conservation and is, arguably, the most popular method for numerical solution of conservation equations encountered in fluid dynamics. Upon finitevolume integration of Eq. ͑3͒ on a one-dimensional uniform mesh, the following flux balance equation is obtained
where the subscripts "e" and "w" carry their usual meanings. The diffusion flux is usually treated using central differencing, while a variety of schemes are available to treat the advection flux. Two higher order upwind difference schemes, namely, the second-order UDS and the QUICK schemes, are considered here. In what follows, the analysis is presented for the QUICK scheme. The analysis for the second-order UDS follows the same procedure.
Using central differencing for diffusion and the QUICK scheme for advection, Eq. ͑4͒ may be written in terms of the nodal values as
where the subscripts "O," "E," "W," and "WW" carry their usual meanings, and ␦ = ⌬x / L is the nondimensional size of each control volume. Upon examination of Eq. ͑5͒ it is clear that the resulting coefficient matrix will have four bands even for this onedimensional problem, and the final solution cannot be obtained by a single tridiagonal matrix ͑TDMA͒ inversion. TDMA inversion may be still used within an iterative procedure in which the contribution of the WW node is treated explicitly ͑at previous iteration͒, while the contributions of all the other nodes are treated implicitly ͑at current iteration͒, resulting in the following equation:
where the superscript "k" represents an iteration index. The normalized ͑by the central diagonal͒ link coefficients A W , A E , etc., can be easily inferred from Eq. ͑5͒. Subtracting Eq. ͑6͒ from a similar equation for the exact numerical solution, obtained using the same discretization scheme, an equation for the error can be formulated ͓5͔
Following standard procedures of convergence analysis ͓5,6͔, the error can be written as a summation of a finite number of Fourier modes
where j k denotes the error at the jth node and kth iteration, and C m k is the amplitude of the mth Fourier mode at the kth iteration. The total number of control volumes ͑or cells͒ in the domain is M − 1, and is also equal to the maximum number of Fourier modes than can be resolved by the mesh. It is well known that the largest eigenvalue of the iteration matrix corresponds to the smallest frequency ͓5,6͔, i.e., the smallest value of m , denoted by = / ͑M −1͒. Thus, analysis of all the modes shown in Eq. ͑8͒ is unnecessary. In realization of this fact, the subscript "m" is dropped in the analysis that follows with the understanding that the mode under consideration corresponds to the smallest frequency. Substitution of the relevant smallest frequency mode of Eq. ͑8͒ into Eq. ͑7͒ yields
͑9͒
where C k+1 is the amplitude of the error at the ͑k +1͒th iteration, and C k is the amplitude of the error at the kth iteration. The ratio of these two amplitudes represents the eigenvalue of the iteration matrix, and in this case, is given by
The spectral radius of the iteration matrix max is given by
where * is the complex conjugate of . For the errors to damp out and the iterative scheme to converge, the spectral radius must be less than unity. Figure 1 shows ͑␣ = 0 curve͒ the spectral radius of the QUICK scheme calculated using Eqs. ͑10͒ and ͑11͒. For these calculations 100 cells were considered. It is clear that the iterative solution method will diverge at intermediate Peclet numbers ranging between approximately 0.4 and 20, and will converge at small and large Peclet numbers. In order to validate this finding, Eq. ͑6͒ was solved using the iterative procedure discussed earlier. Dirichlet boundary conditions ͑͑0͒ = 0 and ͑L͒ =1͒ were used to prevent generation of additional instabilities at the boundaries. An initial guess = 0 was used everywhere. Figure 2 shows the residuals for various Peclet numbers. It is seen that the convergence behavior agrees perfectly with the predictions of the discrete Fourier analysis. For Peclet numbers equal to 1 and 10 ͑which are both within the range 0.4-20͒, the scheme diverges, and converges for all other cases, exactly as predicted by Fourier analysis. The spectral radii predicted by discrete Fourier analysis and the residuals for the second-order UDS are shown in Figs. 3 and 4 , respectively. The behavior is similar to that of the QUICK scheme with slight differences in the range of Peclet numbers for which divergence occurs. Once again, the numerical experiments agree well with the results of the convergence analysis, as expected.
The convergence of the iterative solution method applied to both schemes can be enhanced by introducing additional diagonal dominance through the use of the so-called inertial damping factor. This is done by adding ␣ O k+1 to the left-hand side of Eq. ͑6͒ and ␣ O k to the right-hand side of the same equation, based upon the realization that upon convergence these two terms will cancel each other. Here, ␣ is the so-called inertial damping factor and is a user-prescribed real number that can assume any value. ␣ =0 represents the case already discussed. Following the same procedure outlined earlier for the QUICK scheme, the eigenvalue corresponding to the Fourier mode with the smallest frequency is derived as ͑1 + ␣ + A E e i + A W e −i ͒ ͑12͒ Figure 1 shows the spectral radius of the iteration matrix for a small value of ␣ equal to 0.02 for the QUICK scheme. Dramatically different behavior is observed when compared to the ␣ =0 case. The first important finding is that the spectral radius is less than unity irrespective of the Peclet number. The second important finding is that if inertial damping is used ͑i.e., ␣ Ͼ 0.02͒, for small Peclet numbers, the spectral radius increases from a value very close to zero to a value that is very close to unity, implying that the convergence is expected to deteriorate for small Peclet numbers. Once again, to validate the predictions of the discrete Fourier analysis, numerical experiments were performed. The residuals for the ␣ = 0.02 case are shown in Figs. 5 and 6 for the QUICK and the second-order UDS, respectively. As predicted by the discrete Fourier analysis, all cases converge, and the convergence for small Peclet numbers is significantly slower than the case without inertial damping. The conclusion to be drawn from these results is that while positive inertial damping ͑which is equivalent to using under relaxation͒ is desirable for intermediate to large Peclet numbers, it should not be used for pure diffusion ͑Laplace or Poisson͒ equations. It can be shown easily that the use of successive overrelaxation, as commonly employed for diffusion equations, is equivalent to using a negative inertial damping factor, in which case, the convergence actually improves over the case where no inertial damping is used.
Summary and Conclusions
Discrete Fourier analysis of the errors associated with tridiagonal iterative solution of the one-dimensional advection-diffusion equation using higher order UDS has been performed in order to gain a quantitative understanding of the convergence of the iterative method. Results of the analysis show that both the chosen iterative method will not converge for either the second-order UDS or the QUICK scheme at intermediate Peclet numbers and will converge at small and large Peclet numbers for both schemes. The results of the discrete Fourier analysis were confirmed by actually solving the one-dimensional advection diffusion equation at various Peclet numbers. The spectral radii of the iteration matrices can be dramatically altered by adding a small amount of diagonal dominance, which makes both schemes converge at all Peclet numbers. It is also shown that such a modification slows down the convergence of small Peclet number cases, and is, therefore, not recommended for Laplace or Poisson equations. Since tridiagonal line sweeps are commonly used for iterative solution of the multidimensional advection-diffusion equation on structured meshes, the findings of this one-dimensional analysis apply directly to multidimensional problems where line-by-line sweeps are used.
Nomenclature
C k ϭ amplitude of error at kth iteration M ϭ number of nodes Pe L ϭ Peclet number based on the total length L Ṡ ϭ production rate of scalar U ϭ fluid velocity vector ͑m/s͒ x ϭ space variable ͑m͒
Greek
␣ ϭ inertial damping factor ␦ ϭ nondimensional grid spacing k ϭ error between exact numerical solution and solution at kth iteration ϭ eigenvalue of iteration matrix max ϭ spectral radius of iteration matrix ϭ general scalar ϭ mixture density ͑kg/ m 3 ͒ ϭ angular frequency ͑rad͒ ⌫ ϭ diffusion coefficient ͑m 2 /s͒
